We present a new potential-density pair designed to model nearly isothermal star clusters (and similar self-gravitating systems) with a central core and an outer turnover radius, beyond which density falls off as r −4 . In the intermediate zone, the profile is similar to that of an isothermal sphere (density ρ ∝ r −2 ), somewhat less steep than the King (1962) profile, and with the advantage that many dynamical quantities can be written in a simple closed form. We derive analytic expressions for the cluster binding energy, central velocity dispersion, and escape velocity, and apply these to create toy models for cluster core collapse and evaporation. We rederive classical results for evaporating, collapsing, and quasi-equilibrium (heated) clusters, and fit our projected surface brightness profiles to observed globular and open clusters. We find that the quality of the fit is generally at least as good as that for the surface brightness profiles of King (1962) . This model can be used for convenient computation of the dynamics and evolution of globular and nuclear star clusters.
INTRODUCTION
Although stellar systems can be modeled directly from observations in non-parametric ways, parametrized models are often desirable as sources of intuition, theoretical insight, or computational convenience. Clusters of stars have been modeled with a wide variety of parametrized functions; many of these are summarized in Chapters 2 and 4 of Binney & Tremaine (2008) . The simplest commonly used analytic models, for example Plummer (1911) and Hernquist (1990) , are two parameter fits that do not allow for a variable ratio between outer (or half mass) radius and core size. Since this ratio varies, and can be quite large for realistic star clusters, three parameter models generally can offer much better fits.
In this paper we introduce a new three-parameter potential-density pair which, in projection, fits observations of globular and open clusters quite well. Although its functional form is reminiscent of Dehnen (1993) , the surface density is much closer to King (1962) , a profile widely used for fitting observed cluster surface brightnesses. However, in comparison to the King profile, ours is closer to the physically motivated isothermal sphere but with the additional advantage of analytic tractability: quantities such as density, potential, and binding energy can easily be written in closed form for our model, but cannot for the isothermal sphere or the related model of King (1966) . Three important features are shared with the King profile (and the King model of King 1966 ): a central, constant-density core, an exterior truncation that produces finite mass, and an intermediate power law zone inside the halo (truncation) radius. In this intermediate zone our profile scales as ρ ∝ r −2 and the King profile as ∝ r −3 . Although globular and nuclear star clusters are our primary motivation, our potentialdensity pair may be useful for fitting galactic potentials, as between the core and halo radii, it possesses nearly flat rotation curves. Other possible applications include the cored dark matter profiles found in dwarf spheroidal galaxies (Burkert 2015) , or the "β-models" used to fit Xray observations of galaxy clusters (Cavaliere & FuscoFemiano 1976) .
In §2, we present the basic formulae for our model: exactly when possible, and in approximation when necessary. In §3, we consider three major applications for our model: as a theoretical testbed for studies of cluster core collapse, both in single-mass ( §3.1) and in twocomponent clusters ( §3.2), and as a tool for fitting observations ( §3.3). We summarize and outline future uses for this model in §4.
POTENTIAL-DENSITY PAIR
We introduce a new stellar density profile, which in functional form is related to the well-known Dehnen or "η" profiles (Dehnen 1993; Tremaine et al. 1994) :
Here ρ c is the central density, r c is the core radius, and r h is the outer halo radius. This density profile has been chosen to produce a flat central core contained interior to a roughly isothermal ρ ∝ r −2 cluster. Cluster halo densities are known to fall off as ρ ∝ r −3.5 due to outer anisotropy (Spitzer & Hart 1971; Spitzer & Shapiro 1972) ; we have chosen the somewhat steeper ρ ∝ r −4 scaling for analytic tractability.
We compare our model to the classic isothermal sphere solution 1 in Fig. 1 . Interior to our halo radius, r h , the density profiles are quite similar, provided we set our core radius r c = r iso √ 2/3, where the isothermal sphere core radius r iso = 3σ/ √ 4πGρ c . This ensures an asymptotic (r c r r h ) match between ρ(r) and the isothermal sphere.
In projection, our model's surface brightness profile is
1 I.e. the solution to (dotted curves; r h indicated by arrow) and r h = ∞ (dashed curves). For all curves we set G = ρc = 1, and show solutions for σ = 1 (black) and σ = 2 (green).
where R is a projected 2D radial coordinate and Υ is the mass-to-light ratio (assumed to be constant in r). We have defined a central surface density Σ c = πρ c r c r h /(r h + r c ). For R r h , a suitable choice of parameters can make Eq. 2 very similar to a King profile (King 1962) ; we elaborate on this in §3.3. The potential is
Relatedly, the mass enclosed at a radius r is
(4) This expression converges as r → ∞, so the total cluster mass is
When r c r h , the half-mass radius is simply r h and the core mass is given by
The escape velocity from any point in the cluster is v esc (r) = −2Φ(r). At the cluster center, this becomes
The total potential energy of the cluster is W = −4πG
∞ 0 rρ(r)M (r)dr. This integral evaluates to
where we have defined W 0 ≡ −GM 2 tot π −1 /(r h − r c ). By the virial theorem, the total cluster binding energy E = W/2. Computation of the velocity dispersion, σ(r), is more challenging.
The virially averaged value is σ v ≡ (−W/M tot ) 1/2 , but finding the radial dependence is more difficult. Assuming isotropic velocities, the exact dispersion is
where
Analytic approximations for σ(r) are derived in Appendix A for the limit of r c r h . In this regime, the central velocity dispersion is
Interestingly, in this limit, σ 2 c /σ 2 v ≈ 1.011. In general, clusters with r c ∼ r h are almost perfectly isothermal for r < r h /2, while those with smaller core radii see a plateau of elevated velocity dispersion for r c < r < r h .
In this plateau the dispersion is nearly isothermal, with σ p ≈ 3GM tot /(πr h ) (for r c r r h ). Although the temperature inversion visible for r c r r h is not physical for long-term cluster equilibria, it is characteristic of a post-collapse cluster core undergoing gravothermal expansion. Fig. 2 shows exact numerical solutions for σ(r), our approximate analytic σ far (r) and σ near (r) derived in Appendix A, and other velocities of interest (v circ , v esc ).
The isotropic distribution function (DF) can be calculated numerically using Eddington's formula, but a closed form does not appear to exist. This is in contrast to the somewhat similar King model (King 1966) . It is possible, however, to modify many of the above formulae into accomodating a central black hole (BH) of mass m • . Leaving ρ(r) and I(R) unchanged, and setting M • (r) = M (r)+m • and Φ • (r) = Φ(r)−Gm • /r, we find:
.
It is not obvious, but σ 2
• − σ 2 ∝ 1/r at large radii due to multiple high-order cancellations in Eq. 13.
Under the approximation that r c r h , we calculate the two-body relaxation time (Binney & Tremaine 2008) ,
with the Coulomb logarithm Λ ≈ 0.4M tot /m * (Spitzer & Hart 1971) . Specifically, the central relaxation time
Approximating the inner regions of the cluster as isothermal lets us write t r (r) ≈ t r (0)(1+r 2 /r 2 c )(1+r 2 /r 2 h ), which is valid until the turnover in the velocity dispersion at r ≈ r h /2.
APPLICATIONS

Single Component Cluster
If we apply our potential-density pair to a cluster composed of single, identical stars of mass m * , neglecting three-body and tidal capture processes, we can describe very simply the dynamics of core collapse. In particular, under the assumption of self-similarity, we can write
Self-similar core collapse is expected in single-mass clusters on analytic grounds (Lynden-Bell & Eggleton 1980) , and this is verified in numerical simulations (Baumgardt et al. 2003 , and references therein). In the context of our model, self-similarity occurs under a simplifying assumption about heat conduction. Specifically, we assume that the cluster lacks internal sources of heat (i.e. no binaries, no BHs, etc.) and seṫ
where the binding energy of the core E c ≈ M c σ 2 /2. This evolution is trivially self-similar for constant density cores as long as we take the core σ to be isothermal (a good approximation for our model), and set A cond to a constant value. This latter step must unfortunately be done artificially; the mild "bump" in our model's σ profile prohibits a self-consistent calculation of outward heat flux.
We find an analytic solution in the limit of r c r h and fixed r h :
Thus, the core-collapse timescale in this limit is
where t r,0 (0) is the initial central relaxation time. Isotropic Fokker-Planck models take ≈ 330 central relaxation times (Cohn 1980 ) to reach total core collapse, implying A cond ≈ 8 × 10 −4 . Direct N-body simulations are in reasonable agreement with this (Baumgardt et al. 2003) .
With this calibration, we can now self-consistently model the evolution of our cluster. Heat flowing outward from the collapsing core will inflate the outer regions (assuming an isolated cluster unaffected by external tides) so as to satisfy dW/dt = 0. This produces the differential equation
Eqs. (16) and (20) provide a simple description of a cluster undergoing core collapse while conserving energy. We plot the core radii and outer radii of core collapsing star clusters in Fig. 3 . We see that r h evolves very little, justifying the approximation used in Eq. 18. Competing against core collapse is the evaporation of the cluster (Ambartsumian 1938) , due to losses from the high-velocity tail of the velocity distribution. We assume a Maxwellian velocity distribution f (v) ∝ exp(− 3v 2 2σ 2 ), and use this to define the fraction of stars in the distribution that will escape the cluster,
v 2 esc (r) σ 2 (r) .
(21) The approximate equality assumes v esc (r) 2σ(r). Assuming that this fraction is replenished on a local relaxation time, t r (r), the total rate of stellar evaporation from the cluster isṄ esc = ∞ 0 dṄesc dr dr, where dṄ esc dr dr = 4πr 2 ρ(r) m * ζ esc (r) t r (r) dr. The self-similar process runs away rapidly, and is highly sensitive to initial conditions. The orange, black, and purple curves correspond to Mtot of 10 4 M , 10 5 M , and 10 6 M , respectively, and in each of these cases the initial conditions are r h = 1 pc, rc = 0.1 pc. The grey curves are the same as the orange ones, but with rc = 0.01 pc initially. The thick dotted and dashed curves are numerical integrations of Eqs. 17 and 20 with fixed and variable central σ, respectively, while the thin solid curve represents the self-similar analytic solution from Eq. 18. All solutions come to overlap as rc r h .
We plot dṄ esc /d ln r in Fig. 4 . Most of the mass flux out of the cluster comes from radii r c r r h . For fixed M tot and r h , decreasing the core radius r c will marginally increase the total evaporation rateṄ esc . Unsurprisingly, the specific evaporation rate is much higher outside the core than in it. If we approximateṄ esc ≈ dṄ /dr| r=r h , we can compute an evaporation timescale T evap = N/Ṅ esc as
in the limit where r c r h . Comparing to Eq. 19, we see that for a cluster without internal heat sources, T evap /T cc ≈ 0.7(r h /r c ) 2 : core collapse will proceed relatively unimpeded by evaporation.
Two Component Cluster
This model can be generalized to include more realistic physics, such as heating from binaries or a subcluster of more massive stars, by adding heating terms to our energy equation. Here we consider an internal subcluster of N • stellar mass BHs, with individual masses m • , embedded in a larger cluster with total mass M tot M • ≡ m • N • in identical stars with mass m * < m • . We assume the subcluster is self-gravitating and isothermal, with velocity dispersion σ If we integrate these curves with respect to radius, we find total evaporation rates ofṄesc = 1.3 × 10 −6 yr −1 , 2.2 × 10 −6 yr −1 , and 2.6 × 10 −6 yr −1 , respectively. runaways in dense star clusters (Gürkan et al. 2004) , which may produce supermassive BH seeds, and also as a heat source relevant for core production in star clusters (Merritt et al. 2004 ).
The dark subcluster will form quickly through mass segregation, which proceeds on a timescale t seg ∼ (m * /m • )t r (r h ). This subcluster will be Spitzer unstable if it is unable to reach energy equipartition, a condition set by the following inequality (Spitzer 1969 , but see Watters et al. 2000) :
Here ρ * ,1/2 and ρ •,1/2 are the stellar and BH half-mass densities, respectively, and
We have approximated ρ * (0)/ρ 1/2 ≈ 2(1 + r 2 h /r 2 c ), which is strictly valid only in the limit r c r h . In this limit, BH subclusters are much more Spitzer-unstable than when r c ∼ r h . We have also assumed that the BH subcluster lies entirely inside the star cluster core, which lets us take the squared ratio of the BH root-mean squared radius to the BH half-mass radius to ber • 2 /r 2 • ≈ 1.28 (Spitzer 1987) . As the ratio of half-mass densities varies arbitrarily, the RHS of Eq. 24 reaches a maximum value of χ max = (2/3)(3α) −1/2 ; if χ > χ max , then the BHs cannot reach equipartition and their subcluster will evolve to smaller r • and greater σ • , eventually beginning its own core collapse.
The energy liberated in this process will be δE
If we conservatively equate this to δE = (W | rc=0 − W )/2, we find that the core must expand to a minimum radius
where L −1 (x) is the lower branch of the Lambert W function. This sets a maximum central (stellar) density during the progression of the Spitzer instability, which is of interest for scenarios where intermediate mass black holes form through runaway close encounters between stars and black holes (Miller & Davies 2012) . Binaries within a cluster, either primordial in origin or formed dynamically during the high central densities of core collapse, provide an internal heat source. The balance between heating and conductive cooling ) plays a critical role in the survival of the massive subcluster constituents. This may enable the survival of stellar mass BHs in both globular (Morscher et al. 2014 ) and nuclear star clusters . If we assume a heating rateĖ heat =Ė 3 (ρ c /ρ 3 ), where ρ 3 = 10 3 M /pc 3 , then we find a dynamical equilibrium for the cluster core radius:
When the RHS of this equation is 1, no dynamical equilibrium is possible and the entire cluster will rapidly inflate due to heating. For more modest values ofĖ 3 , the core radius will approach its equilibrium value r c /r h ∝ r −1/2 h on short timescales, as r h grows on longer ones.
Parametrized Fitting to Observations
Despite its pleasant analytical features, our model is primarily useful insofar as it can describe realistic star clusters. In this subsection, we compare our model in greater detail to the well-known King surface brightness profile (King 1962) ,
(28) The three free parameters of the King profile are the central surface density Σ c,K , the core radius r c,K , and the truncation radius r t,K . The numerically computed King density profile differs from Eq. 1 outside a shared constant-density core, as they possess different power law indices (r −2 for our model, r −3 for King 1962) . Furthermore, our ρ(r) declines ∝ r −4 beyond the halo radius, while the King profile falls to ρ = 0 at r = r t,K . We can relate these two models by equating their central density, core radius, and enclosed mass. Respectively,
r h = 1 2π
In all three equations we have used X ≡ r 2 t,K /r 2 c,K . Together, the above equations translate the parameters, {Σ c,K , r c,K , r t,K } of a given King profile into those for our model, {ρ c , r c , r h }. The reverse procedure must be done numerically because Eq. 31 is nontrivially tran-scendental.
In Fig. 5 we show best-fit parametrizations for both I(R) and I K (R). We use the sample of 125 Milky Way globular clusters from Trager et al. (1995) , and an additional 68 LMC, SMC, and Fornax clusters from McLaughlin & van der Marel (2005, using their V-band profiles). We fit every cluster's tabulated surface brightness profile, weighting our fits appropriately (using the measurement errors at each isophote for McLaughlin & van der Marel 2005 , and more ad hoc data weights provided in Trager et al. 1995) . We find that within the sample, mean and median r 2 values for nonlinear model fitting are extremely similar for both I(R) and I K (R). In particular, our mean r 2 statistic for the I(R) (I K (R)) profile is 0.952 (0.942), and the corresponding median value is 0.974 (0.969). A histogram of the r 2 distribution is shown in Fig. 5 .
CONCLUSIONS
We have presented a novel potential-density pair that is cored, truncated, and approximately isothermal (within the halo radius). Many important properties can be written in closed form. In this paper, we have calculated the binding energy, surface brightness profile, central velocity dispersion, central escape velocity, and central relaxation time. The primary quantity of interest that does not appear reducible to closed form is the stellar DF.
The properties of this model match, surprisingly well, those of observed star clusters. We have fit our surface brightness profile to a large number of galactic globular clusters and found generally high goodnesses of fit, comparable to or slightly better than best-fit King profiles.
Because of this model's simplicity and analytic tractability, it is well-suited for the idealized study of cluster dynamics. In this paper we have presented a closed-form description of the evaporation and core collapse of single-component, single-particle clusters. We have also examined the response of a two-component, single-particle cluster to heating of the lighter component (stars) by the mass-segregated heavier component (e.g., BHs), and derived a dynamic equilibrium condition for a cluster experiencing this heating.
Finally, we note that the cluster model introduced here can facilitate inexpensive computation of the dynamics of mass segregated subclusters. In particular, our potentialdensity pair can provide a dynamic background potential in which to run N-body simulations of the central subcluster. We are currently using this technique to investigate intermediate mass black hole formation due to collisional runaways in nuclear star clusters (Küpper et al. in prep, 2015) , but it could also be applied to open or globular clusters.
